goo

goobooooooooooooboooooooobooooooooobobobobobobobobob oo
ooooo

oboooOobobooobobooooobooboooooboboooboOobooon
gbooooOobooooboobooood

I0oooooooooog

00000 SO000oooooog ab,e,...(0000)00000O0-000000e-b0 SOOO0ODO

(ii):a-a”"=a""-a=e

(iii):a-(b-c)=(a-b)-c

000000000000000000 (group) 100000e0 ()000000 (000)de !0 (i)000
00000 (00)03G) 00000000

00-000 (multiplication) 00 0 0000000000000000000000@0-00000000000
000000000000000000 0000 S0000000000000000@M-00000 ¢b00
000000000000000000000000

000000 e=100000000000000000a,b00000e=100000000000

at+e=a, at+alt=e

0000e=0, a'=—000000

Oa-b=b-a0000 (commutative, abelian)Ja-b#b-a 00000 (non-commutative, non-abelian) 0 0 0
0000000000000 000000000000000000 (additive group) 00000000000
gooobbobbogoo

0000000000000 000O0 (general linear group) 0000000000000 OOOOOOOOOO
0 GLO0000000000000O0O0O000O0O00O0O00UO0O0U0D (D0OO0OODUooOoUO)Uoo
gooboobooboobooboooobooboooboobboooboobbooboobbuoobboooDbOoon
00000000OnxnOd00000 MOOOOOO IODOOO

MI=IM=M, MM~ = MM =1 .M (MyMs) = (M M) Mj

0000000 (M~'0MO000)drnxnO0000000000000 GL(»)OODOOO GL, 000000
0000000000000 ROOOOO0 CO0O0000000000000000 GL(n,R)0 GL,(R)OO
0000 GL(n,C)0 GL,(C) 0000000
000000000 (00000)00000

e det M =1 = 00000 (special linear group)SL(n, R), SL(n,C)

e GL(n, MTM =1 = 00O (orthogonal group)O(n)

e GL(n,

R),
e GL(n,R), MM =1, detM =1 = 00000 (special orthogonal group)SO(n)
C), MM =1 = 000000 (unitary group)U(n)

0,

(
(
(
e GL(n, MIM=1,detM =1 = 00000000 (special unitary group)SU(n)

00000D0000000det00000MTO MOODOMIO MODODOOODOODOOOODOOO (O
00000oO000) 0000000000000 Oo0000OUO0O000OO00ODO0O0DODOOODOODOOUOD
0000000000000 000000000 1000000000000 00000O(n)UOOOODOOO



det(MT M) = (det M)?

gooood

(det M)? =1

det M = £+1

gooooooo

O0000000000000 (symplectic groupd ) 0000000 (modular group) 000000000000
oboooooooooobooog

gbooobOoboooobobooooboobooon

(v,w) = (Mv, Mw)
Oo00oo0o0oo0@m-ooo00o00oo0o000 v, wOhOOO (wv,w)0DOOODOOOOODODOOOODO

MOOOODO (sometry) 00000000000000000000000000 (jv|=+/(v,0)0000 M
00000000000 ,w 00000 00000000 (000000000000)

(Mo, Mw) = (v, w') = (vie;, wie;) = viwj(ei, e;) = dyvjw;  ((ei, e;) = i)
= 04 Mo Mjw
= M Myvpw

= (MTM)klUsz (M, = (Mki)T)

00000000 oOMTM=I0000000000000000000000O0000000 @«000000)

(v, w) = viw,ee;

oo

(M’U,M’U)) = (5”1}/*11); = 6ijMi*]€UZ;Mjlwl = Mi*kMilUZwl

(3

= (MTM)opwy (M, = (Mi)" = (Mgs)")

K2

O0000OMIM=I0000000000000000000000000000000000O0000000
gbooobooobooobooobooo
00000000000000 SO(n)000000000 2x20000 20000000

A— cosf) —sind
~\ sinf  cosf
O000o0oo0o0oo0e, 0000 600000006, +6,000000 (000000000 OOOOON)

A(61)A(02) = A(61 + 09)

O00o00DAO0O0OO0OOD ADDDODDOOOOOOO



cosf sinf cosf —sinf \ 7
—sinf cosf sinf  cosf a

gbooooood detAzcosQH+sin29:1|]DDDSO(Q)DDDDDDDDDDDDDDDDDDDDDDD
gboooboboobbo2x20000020000000000000000000O0000DO0O0ODOOODOO
002000000000000000000(O0DO0OOOUOO)O

00000 10000000000000000O00000000O000OOOOOO SU(2)UooooUol
U2x20000000000

b
( b oo ) , aa” +bb* = laf* +[b] =1 (1)

OO0000o0o0o00ooo0oUooDoooOooooOoDeb0ODOOOOO

a=lale™ | b= |ble®

ODO0O0Oef+ =100

a=e%cosdy , b=e??sing,

00006, =¢s+s, o=cs— 3000000

a = e (P2+83) g b, b= e (#2—03) i o1

0000SU(2)0000

< 05 cos gy (929 sin gy > (2)

—e~Ud2—93) ¢ip o e~ H(P2+63) g oS

$1,¢2,0s0000000000000000000000300000(1)00000000 2x2000000
000 «,b00400000000000000000000 (000000 e=2+4iy)00000 10000
00000 1000003000000000

000000 (Liegroup) 0000000000000 D0D000000000000OCO (matrix Lie group) O
000000000000000000000000000000000000000000000

0 GL(»,C)000000 GOOO000000GO0O0000GOOOO000000000GOO000000 GO
00000000000 4 (i=1,2,...)0 G0000000 ADODOOOOOOOOOD GOOO0O0O0O00O0O0
0000000000000 GO000000000 (closed subgroup) 1000000000 GL(n,C)000O
00000GL(n,C),GL(n,R),SL(n,C), SL(n, R),0(n),SO(n),U(n),SU(n)000000000000000
0000000000000000000000

00000 O 00000000000000000000000000000 R,O0O000000O000R
0oooo0oooO

11— 00

DDDDDDDDDDDDRJ{?DDDDDDD

(lim R;)(lim RT) = lim (R;RT)
1— 00

i—00 i—00

gooobood ([I[I[II:II:IDDDDDDDDDDDD)DRiRlT:IDD



RRT = (lim R;)(lim R}) = lim (R;R]) = lim I =1
11— 00

1—00 1—00 1—00

00000000 ROUOOOODO0ODOO0OUOOO(n)00DOO0DUOOO0OOODOOODOOOOOOUOOOOODO
obooobOoboooobooboon
Oo00oo0ooO0000oDO0O000o00obObo00 Xoooooooooo

| —

Xk (x°=1

S
=2
k=0

X

!

gbobooboboooboboooboobooooobooboo

XY = XY (X, Y]=XY —-YX =0)

—1
eYXY :Y€XY71

det X = "X

000000000000000000000000U(N)O SUN)OOD0000000
0000000000 XOOOOOOOO t000 «X0000000000000000 ¢t00000 (00)
0 px 0000

px(t)=e

px U

px(t)px (t2) = e X el = )X = p () + 1)

gboooboboobbDpxbOOOOOOOOO0OOtO0000O0

d
ﬁetx — XetX

00oodooooooDoooooooooooo

00000 f(x1)f(xe) = f(r1+22) 00000 fO000000 (homomorphism) D000 0px 000000000
O000pxO00ODOOOO (DOOUOOD)00 GL(n,C)000O00O00ODO0OODOOUOOODO 1O00O0OO
00 (1000000 one parameter subgroup) 0 0 0000000000000 OO0OOOOOOOOOOOO
gooooobOo0oobOoboooobDobooooOobOoboOooDobOoobOOobDOobooooOoDOoo

000X 0000000px(#) 000000000000 px(t)=eX000000000000000000
oood



agood
px (t1 = 0)px(t2 = 0) = px(t1 + 12 =0)
% (0) = px(0)
px(0) =1
aon
dpx (1) . px(At) — px(0) dpx (t)
zl(t = am, . At = (t) = ji(t li=0px (t)

O000000 Xoooooooooooooo

dpx (t)
dt

= Xpx(t)

00000 X 000010000000000000 X000000
00000O0GL(»,C)000000000D0000 GOOO0O0O00O0OOOOODO X0O0OOOO0OOoOo+000
X000 GOO00000000000000 XO00000 (Liealgebra)DO0OOO00 GOOOOODDOO
O00¢g0000D0(D0D00000000O0OO0)00000D00GLO0 gl0O00 00000000000
000000000000000 g00000 100000000 px0000000

000 X000OO0 (00D000000)000000000000X00 (n0000000000 0000
000000)000000000000000 ¢g00000 X4+YOOOO.O0OOOOOOOeXOOODO
00000 (0000000000000 0 g)00000 g000000D000000D0DO0
0000000000000 GOO0000¢g0000000000000000 GOO0O00000000000
00000000 X0000000D0O00000000(n)000000px00000 On)0OO0OOOODO
O00px(t)=eX 000000000

(etX)T _ (etX)—l _ e—tX ((etX)TetX _ I)

goooo

uo

0O000000000000O0(r) 00000 e(n) (0D X)O XT' = -X0OOODODOODDODODODOZY =
X+Y)V'=XT+yTOoODoOoOZzZ'=-Z00O0ODODOOO



0 SO(n)00

dete!™ =1

gooooooo
det !X — otr(tX)

000SO(r)00000 so(n)00 tX =000000000000000(r)00 XO0O0OOOOO00000(n)
0000 X =0000000080(r)0 O(r)0000000000 (e(n) =so(n)00000000000
000»2000000 00000000000 (000000000000000000000000000
0)00000(r) 0000 n(n—1)/2000

0U(mr)DO00o0

(etX) = (etX)~1 = e=tX | (tX)f = etX T

)

000U OO00D00u(n)0 XI=-—X00000000000000000000000000000 O(n)
0 SO(r)0000000U(R O SUMR ODDD00000000000su(n)00 Xt=—-X0OtX=0000
0000000000000000000000000000000000000000 2(n2—n) (00000
00020)000000#-n00000000000000000000000 »0000000u(r)0
n?—n+n=n2000000000su(n)00000000000000010000n2-1000
0000000000000000000000000000000000000000000000 (4,B0
0000 ¢g00[4,B]0g)000000000000000000000D000D0000O0O00000O0000
000000000000000000 (00000000000000000)00000000000000
000

[A,[B,C]] + [B.[C, A]] + [C.[A, B)] = 0

000000 (D000O000ooO00)Doo000o0oo00oU0oo0oO0o0oUoooOoOoooooooooo
oboooOoboooobOobooooboOobooooonbon

00000 g0O000O0O0OO0OUOOUOOOOUOOUOOOUOOOD 4,,B,,C;,(i=1,2,...,))00000O0O
goooo

[Ai, Bj] = fijrCh

0000000 f;,00000 (structure constant) 0000 0000000000000C000O0O0O0OOODOO
gbooobooobooboobooboobobbobboobooobobooboobooboon

[4i, Bj] = —[B;, Ai]

gbooobooogo

fijk = =ik » fijafako + fikafaiv + friafajo =0

oooooooooon

000000000000 0000OOoOoOooon So(2),50(3),Su(2)0oo0U0ooO0oooooOoUooo
00000000 SO(2)00000se(2)0 00000 2x2000000000000 2(2-1)/2=10000
oo



000000000 (000000000 OOOUOOOODODODOOUDODOOOUDOOOUOOOOOOO

x=(1 %)

O000O0O0Oso(2) 0000 1000 10000000000000SO(2)00000000 exp0OOOOODO

1 1
&X:I+tX+§ﬁXQ+fﬁX3+~-

6
. 0 -1 1,/ -1 0 14 0 1
1 1
1— 2424 .00 3. ..
_ 3 + -1-6
]‘3 ]‘2
At ST, [
6 + 2 +

[ cost —sint
~\_sint  cost

00000200000000000000X000000000000000000000000000 so0(2)
00 SO(2)0000000000
0s0(3)D000D000s0(3) 00000 33—1)/2=30003000000000 z,y9,200000s0(2) 0
00000000000000000

0 —z y
A= z 0 —=x
-y T 0

0000000000000 000000000000000000Ose(3) 0000 300003000000
ooooo

0 0 O 0 01 0 -1 0
A=z 0 0 -1 |4y 0 0 0 |J+2 1 0 O
01 0 -1 0 O 0 0 0

=xL, +yLy+ 2L,

oooooooo L,,L,,L,0s0(3) 00 0000000000000 3000000000000000000
gboooboooboobgoobogboa

0 0 O 010 0 -1 0
L,L,—Ly,L, = 100 |]—-1000]= 1 0 0 |=L,
0 0 O 0 0 O 0 0 0
ooooboooogo
[LasLy] = L., [Lz, L] = Ly , [Ly,L:] = Ly

gbooobooboobooo



[Li, Lj] = eijiLi

ek (123 =+1)0000000000000000000 «,y,200000000000 So@3)000000
gbooooOobooooobooooboobooooobobooooob 0000

oooooooo
O0s0(3)00 SOB)0oOO0OO0OO0O L,,L,, L, 0exp0 0000000000 L,0000O0s0(2)00000
oood

cost —sint 0
etle = | sint cost O
0 0 1

boooooOoob 0000 30000000000000L,,L,, L, 000000000 300000000
gooo
000000 z0000300000000DOO0ODOO0OdOOOOODODO 1O0DDOOOODOO

cosf@ —sinf 0 1 -0 0
R,0)=| sinf cosf§ 0 |~| 6 1 0 |=I+0L,
0 0 1 0 0 1

00000000 NDODODODOO RYDODODODOOOOOONOOOODODDODO

x
lim (14 )V =¢”

000000000000 oooOoOe=¢/NOOO
4
- Nig _ _ 1 N _ _tL.
]\}lm R, (Gft/N)fA}lm (1+NLZ) e

00000 R.(61)R.(62) = R.(6, +6,) DO000OR, 0 10000000000L, 0000000000000
0000000000000000000000000000000000000 (0000000101000
0000)00000000000000000000000000000000000000MO000000
00000000000000

Osu(2)0022-1=3003000000000 #,5,.:0000000000000000 0000

1 —iz -y —iz
A_2<y—ia: iz > (3)
0000O00l1/2000000000000000O0000O0OODO 3000300000000
1 —iz  —y—dx | 1 0 — 1 0 -1 1 —i 0\
A_2(y—Mr iz >_2x<—i()>+2y<1 o>+22(0 i)‘m&+”%+”$

oooooos,,s,s.00000000 (0000000 ¢:0200000000;=425;) 0000000000
oood



[Srasy] =5, 3 [Sz,sm] = Sy y [Syasz] = Sz ([01,0—2} = QiUS)

oood

[Si, S5] = €k Sk

000000000 ss(3)00000000000O00DOO0O0O0O0O00UO0D0O0OO0O0UO0ODOOOSs(3)
Osu(2)00000000000000D0DO0O0O00O00 00000000 g 0000 (DO)DOOODO
oooonD X3, X, 0000

D([X1, Xz]) = [D(X1), D(X2)]

0000 (0000000000000)0g 0 e 0000000000000000DO00000 (isomorphism)
00000000 ¢ 0g000000000000000000000000

000000000000 s0(3)0su(2)0000000000000000S80(3)0 SUR)010 10000
0000000000000 0su(2)0 (3)0 SU(2)00000000 UD

A =UAU! (4)
0000000UO (1)00U-'0
1 _ [ a* b
()
Doo0o0oodoooooo A0 A000dO0Ooooooo
;L —iz =y —ix
A_(y'—ix’ 12! )
ooooooooog

DU)A=UAU!

0000SU((2)0 U, U, 0000

D(U,Uz)A = U U, A(ULUs) ™ = UZ UL AU, PUy = D(UL) UL AU Y) = D(UL)D(Us) A

gooooooOoOoOOOODODOOOOOOOO0O0O0AOOOOO

det A = 2% + y? + 22

A 00000

det A’ = det(UAU ') = det A

gobobgoboooooobgobobooboboboboboboboboboboboobobobobobon
gbooobooobooobon



0A000000
wy = Uai AUyt

go

Ay =—id = UuAijUﬁl = UnAnUGt + Ui AUt + Urg Ao Ut + Urp AgUst

= —ila*z + ab* (—y —iz) + a*b(y — izx) + i|b|*z

—iz(|a|* = |b|*) + y(a*b — ab*) — iz (ab* + a*b)
ooooooon

A, = =y —ix’ = 2izab — y(a® + b*) —iz(a® — b?)

AL, 0 A, 0000000000004, 0 A, 0000000000000000000000 (e,b00000
x,y,2000)

A/21 =y — iz’ = 2iza*b* + y(a*2 + b*2) _ ix(a*2 _ b*z)
/22 =iz = iz(|a|2 — |b|2) + y(ab* _ a*b) + il’(a*bJr ab*)
goooa

1
x’:—z(ab—l—a*b*)—%y(aQ—i—bQ—a*2—b*2)+§x(a2—b2+a*2—b*2)

1 .
y’:z’z(a*b*fab)+§y(a*2+b*2+a2+b2)f%x(a*2fb*2fa2+b2)

2 = 2(|af? — |b?) + iy(a*b — ab*) + z(ab* + a*b)

a,b0 (2)000000¢:=¢3=000000000b=0000

ala=€e%00000

= —%y(emd’ — e %) ¢ ix(em“ﬁ + 7 %?) = ysin 2¢ + x cos 2¢

1 . . ) . .
y = Su(e 4 ) - %f(e_w — €*'?) = ycos2¢ — wsin2¢
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p=6/2000

2’ = xcosf 4+ ysinb

! —

y = —xzsinf + ycosh
2=z

000 SO@3) 00000000 3000000000000000
0000000 (490000 SU(2)00 SOB)0000000000000000000SU(2)000

6219/2 0
U= ( 0 e—10/2 )

0 So(3)00000

cosf@ sinf 0
R = —sinf cosf 0
0 0 1

00000060+2r0000RO000000000O0OUOOOOOONOOD (e*™=-1)00000SU(2)0
000 SO3)0000000000 (101000102000)050(3)0100000000 SU((2)0000
000020000 U,-U000000000000080(3)0 SU(2)000000000000(4)0 SU(2)
00 S0(3)0000000000
000000000000000 (representation) J000000000000000000000000000
00000000000000000 (adjoint representation) 00 0000000000000 g000 X OO
0000 G000 A0000

X = AXA!

gooOoOoOoOoOoOOOOOOOOOOOO0OO0O0OO0O0000 AdO

Ada(X) = AX A

000000000 (AdAXOOOOUOOD0OO0)DAd4u 0000 GOOOODO gO0O0OOOOOOOOOOOO
000 (adjoint action) 0 000 O (conjugation action) D00 000000 00OSU((2)00 SOB)000O00O0O
040000000000 SU(2)0 So3)0000o0Ui0o00Uoo0oU0UOoOOoODUOooOOoUOoooOo
00O0osSvu(2)Uoo00oo0o00ooo0ooooosSo@B)uoooooooooooooo
0000o0ooonD X, yoooo

adx(Y) =[X,Y] = XY - VX

000 adx OOOO0OO0OO0OO0OO0O0O0O0O0O0OO0[X,Y]=Z0UOU0O0OadxOOOOOOOOO
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[adx, ady](A) = adx(ady (A)) — ady (adx (4)) = [X, [V, A]] - [V, [X, A]]
= [X, [V, A]] - [V, [X, A]]
= - [A[X)Y]]
= [X,Y], 4]
= adpx,y)(4)
= adz(A)

OO00000000D0oO0o00ooboDbobO00n adx O

[adx,ady]:adz ([X,Y] :Z)

O0000000000ad0 XOOOOODOOOOOOODOOD adxO00ODOOOO00D00O0000OD adx O
gboboobOoboobooboboooobboooobobooo
Oadxy 000000000000XOO000 X;0adxO0OO0OOO0O (adx);; OO

adx, (Vj) = (adx, ), Ya

000000000 (0000000 (ady,); 000000000000 D) 0000000000 (adx,)x; O
(a;)r,; 0000000000 O000000D00O0O0O0DOODO

([ai, aj))mn = (@ia;)mn — (aj@i)mn = (@i)mi(az)in — (aj)mi(@i)in

gbooano

fije = (adx,)kj = (ai)k;

goooboooogao

(ai)ml(aj)ln - (aj>ml(ai)ln = filmfjnl - fjlmfinl

goooooad
fijk = = Ffiik > Fimifrim + fratfijm + fijifinm =0
good
filmfjnl - fjlmfinl = fjnlfilm - finlfjlm = _fjnlflim + finlfljm = fijlflnm
oo

([ai?a’j])mn = fijlflnm = fijl(al)mn

oooooooo

12



[amaj] = fijlflnm = fijlal

O000Oady, 0000 (adx, )k = fijx 00000 (ady,)r; 0 X0O0ODOOOO0O000000000000000
0000000000D000D0(000)00000 (ady, ), 00000000000000000000000
00000000000000000000000000000000000000000000
000D00so(3)00

[Li, Lj] = €Ly

adr, (Lj) = [Li, Lj] = (adp, ) xj Lk

go

(adr,)kj = €ijk

O000000000000D0 (e23=1)00000C00

(adr, )23 = €132 = —1, (adp, )32 = €123 =1
(adr,)13 = €231 =1, (adp,)s1 = €213 = —1
(adr,)12 = €301 = =1, (adp,)21 = €312 =1
OOO0OO0ad,, 0000
0O 0 O 0 0 1 0 -1 0
(adz)=[ 0 0 -1 |, (ad,)=( 0 0 0|, (ady)=[ 1 0 o0
0O 1 O -1 0 O 0O 0 O

O00so(3)000000000000O0SO(3) 000000 se(3) 000000000000 0ODODOOOOOD
000000000000 00o0o0o0oUo0o0oO0oUDU0o00O0Usuw(2)02x2000000000
000003x30000 ([S:,5;]=e;5;000)0

0000000 (fundamental representation) 000 0000000000000 00O00O0O0OOOOOOOOO
00000000000000D000000GL(n,K) DO n0 K=R,CO0000000(3),503)00 30
0000000 RROODOOOOOOOOOOOODODODODDOOOODDDDOSU(2),SL(2,C)00 200000
00000 ¢c?00000000000000 (200000000 20000000000000)0000D0
ocoo0oO0ooooooooOooooooOoOOOoOoOoooOOOO0OO0O0OOOOOOOO0OOOOOO0OCOOOO00n
ocooooooooDoo
ocoo0ooooooOoooooOoOoOoOoOO0OO0OOOoOoOoOoOOO0ObOO0OCOOOOOOOOCOOOODOOOOOn
00000 (abstract Lie algebra) 00 000000000000 O00O0O0OO[, |00000000O0O0OOO
00000000, 0000 (Meproduct) 000000000 DO0OOOOO0DO0OODOODOOOOOODOOO
ocoomoooooooooOoOoOo0OO0oO0oO0oOoOoooooobooooooOoOODOOOOO0OO0OO0O0O0O000000O0
ooooo
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